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We present a theoretical investigation of magnetostatic interaction effects in geometrically frustrated arrays of anisotropic 
multilayer ferromagnetic nanoparticles arranged in different spatially configured systems with triangular symmetry. We show 
that the interlayer magnetostatic interaction significantly expands the opportunities to create magnetically frustrated systems. 
The effects of the magnetostatic interaction in magnetization reversal processes and the possibility to control the ferromagnetic 
resonance spectrum in such systems are discussed. 
1. Introduction 
The effects of magnetostatic interaction in the regular arrays of anisotropic single-domain ferromagnetic nanoparticles 
arranged in two-dimensional lattices with different spatial symmetry (in the literature, such systems are called “artificial 
spin ice”) are the subject of the intensive investigations in the last decade [1-6]. The increasing interest in these objects is 
associated primarily with the possibility to investigate the fundamental properties of geometrically frustrated magnetic 
systems using a relatively simple model.  
The recent progress in the e-beam nanolithography techniques enables the fabrication of superdense arrays of 
nanoparticles, which demonstrate an unusual collective behavior connected with the competition between configuration 
entropy effects, dipolar interaction and artificial anisotropy [7-9]. It was shown that artificial spin ice systems demonstrate 
the considerable changes in coercivity, switching fields and scenario of magnetization reversal. In particular, the dynamic 
switching in an external magnetic field is accompanied by the effects of the effective magnetic charges ordering [9] and the 
appearance of the exotic states called “magnetic monopoles” [10,11].  
The basic idea of our work is the investigation of the influence of magnetostatic interaction on the magnetic states and 
high frequency properties of the frustrated magnetic systems based on multilayer stacks of binary nanoparticles. In this case 
one can expect a considerable expansion of the spectrum of magnetic states and a significant increase in the averaged 
magnetostatic energy at a lattice site due to the strong dipolar coupling between particles in the neighboring layers. 
Furthermore, in multilayer systems the effects of geometrical frustration can be significantly expanded due to the variation 
of the magnetic moments for the particles located in different layers by varying the materials and layer thicknesses.  
In the current letter we concentrate our attention on two aspects of the magnetostatic interaction in multilayer stack 
arrays. First is the realization of exotic magnetic configurations in the magnetization reversal process, which remain stable 
after removal of the external magnetic field. The other interesting problem is the influence of intralayer and interlayer 
magnetostatic interactions on the spectrum of ferromagnetic resonance and magnetostatic spin waves in the ordered arrays 
of multilayer stacks as the prototypes of artificial 3-D magnonic crystals [12-15]. In particular, we show that the spectrum 
of collective modes of ferromagnetic resonance in such systems strongly depends on the spatial configuration of the 
magnetic moments of particles and can be significantly changed by switching of magnetic states in an external magnetic 
field. From a practical point of view such systems are promising for the development of tunable microwave devices [16-18] 
for civil and military applications.  
2. The methods of calculations 
We investigated the effects of magnetostatic interaction and ferromagnetic resonance in arrays of the elliptical 
nanodisks (a × b × h) arranged in a triangular grating (Fig. 1). To simplify the calculations we used the theoretical model of 
anisotropic dipoles commonly used for the description of such systems [4, 19, 20]. We assumed that the magnetic field of 
the nanoparticles corresponds to the field of a uniformly magnetized sphere with built-in anisotropy corresponding to the 
shape anisotropy of an elliptical disc. In this approximation the energy of a system can be presented as  
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where iM

 is magnetic moment of i-th particle; xiN , yiN  and ziN are demagnetizing factors along the main axes of 
elliptical disc; ijR is the separation between disc’s centers; exH

 is an external magnetic field.  
To find the eigenfrequencies of the ferromagnetic resonance in the particle arrays we solved the system of Landau-
Lifshitz equations without external magnetic field. The oscillations of the magnetic moment of i-th particle in the array are 
described by the following equation: 
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where   is gyromagnetic ratio, iH

 is the effective magnetic field, which is generally defined as 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
Fig. 1. The schematic drawing of the elliptical particles array on triangular lattice. 
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Here jH

 is the stray field from j-th particle at the location of i-th particle and diH

 is demagnetizing field, which is defined 
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The FMR eigenfrequency of the single elliptical disc is defined by effective fields of shape anisotropy  
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where SM  is the saturation magnetization.  
To find the spectrum of eigenfrequencies for the interacting particles array we solved the linearized equation (2) with 
0exH 

. The magnetic moment of each particle and acting field were represented as: 
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where stiM

 is an average static magnetic moment of the particle;  im t

 is an alternating magnetic moment 
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Further, we always assume that the effective field associated with the particle shape anisotropy more than the fields of the 
other particles ( ( ) ; ( ) stx y i z y i jN N M N N M H  

), i.e. precession of the magnetic moments occurs mainly around the 
anisotropy axes of each particle. However the spectrum of eigenfrequencies in such systems is determined by the 
magnetostatic interaction and strongly depends on the spatial configuration of the magnetic moments. 
The remagnetization effects in interacting arrays under an external magnetic field were investigated by Monte Carlo 
simulations based on the model of anisotropic spheres. In the calculations we have neglected any deviation of the vectors 
iM

 out of the plane of the elliptical disc and used the simple model of uniaxial anisotropy. In this case the magnetic 
energy of particles array can be represented as 
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where K  is anisotropy constant; V is the volume of particle; i  is the angle characterizing the direction of magnetic 
moment of i-th particle; *i  is the angle characterizing the direction of anisotropy axis of i-th particle. The normalized 
energy can be represented in the following form: 
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Here   is the normalized magnetostatic energy  
    0 00 0
3 5
31
2
i ij j iji j
i j ij ij
m r m rm m
r r
        

    
 ,     (8) 
where 0im

 is a unit vector of the magnetic moment of i-th particle, ijr  is normalized separation between particle centers. 
The parameter   and normalized external magnetic field exH


 are expressed as follows: 
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where anH  is effective field of anisotropy ( an sH K M ); sM  is a saturation magnetization of particle material. The 
parameter   is the ratio of the magnetostatic energy to the energy of anisotropy. 
The magnetization reversal processes and stationary distribution of the magnetic moments in the particle’s arrays 
corresponding to the minimum energy (7) were simulated by the Monte Carlo method. 
3. Magnetostatic interaction in one-layer systems 
One of the simplest systems of interacting binary particles is a system with basic a building block of three particles 
located in the plane at an angle of 120° (Fig. 2).  
 
 
 
 
 
 
 
 
 
 
 
Fig. 2. The possible configurations of magnetic moments in an array of three particles with triangular 
symmetry. Parameters: v is the number of ways to implement the state; q is an effective magnetic 
charge on the lattice site; m is an effective magnetic moment on the lattice site;  is normalized 
density of magnetostatic energy. 
(A) (B) 
v         2                 6 
q         3                 1 
m        0                 2 
ε       1.01         - 0.34 
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As it is known this system has two states differing in the spatial configuration of the magnetic moments [6]. These states 
differ in the probability of their realization at random initial conditions (this quantity is proportional to the number of ways 
to implement this state v), the effective magnetic charge on the lattice site q, the effective magnetic moment on the lattice 
site m, and the normalized density of magnetostatic energy ε. As is seen, the state (A) corresponding to the highest effective 
magnetic charge and zero mean magnetic moment (“magnetic monopole”) has the highest energy. The quasi-homogeneous 
state (B) with effective charge q = 1 and nonzero average magnetic moment has a lower energy. 
3.1. Magnetization reversal in the one-layer three particles array 
The form of the magnetization reversal of the three particle array in an uniform external magnetic field depends on the 
ratio,  , of the anisotropy energy to the magnetostatic interaction. The hysteresis curves and schemes of transitions 
between different states for the array of three interacting particles are shown in Fig. 3.  
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
Fig. 3. The hysteresis curves and the schemes of transitions between different states of three particles array: (a) 0  , 
(b) 0.1  , (c) 0.5  , (d) 1  . The configurations of the magnetic moments of the particles corresponds 
to the points on the hysteresis curves. The direction of the external magnetic field is shown in the diagrams by 
arrows located above the array of particles. 
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If the anisotropy is dominant as in Fig. 3a (here, the magnetostatic interaction is switched off completely, =0), the high 
energy state is realized (“magnetic monopole” state (2) in Fig. 3a) at intermediate reversing field. In this case we can 
prepare two stable states (A) and (B), in the notation of Fig. 2, by an external magnetic field. As the interaction energy is 
increased in comparison with anisotropy energy, the high energy state (B) becomes unstable. For example, the hysteresis 
curve for 0.1   (in Fig. 3b) demonstrates only a narrow step corresponding to the state (B), while for =0.5 (Fig 3c) 
there is a continuous transition between state (A) and its complete reversal. As the interaction energy is further increased 
(negligible anisotropy), 1  , as in Fig. 3d, the hysteresis loop collapses. The ground state of the array at zero external 
magnetic field is the vortex state (state (2) in the transition scheme of Fig. 3d). 
3.2. Ferromagnetic resonance in single layer systems 
We calculated the dependence of the the FMR frequencies of the three particle array on parameter r (the distance 
between center of particle and center of array). The increasing magnetostatic interaction between particles leads to a 
splitting of the FMR spectrum. The dependences of normalized FMR frequencies on the nondimensional parameter 3/V r  
for the region of parameter 0.1   are shown in Fig. 4.  
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
Fig. 4. The dependences of normalized FMR frequencies on the distance between center of the particles 
and array center for two possible magnetic moment configurations. The FMR frequencies are 
normalized on the resonance frequency of single particle.  
As is seen from Fig. 4a the interaction between particles in a high-energy configuration (A) leads to the splitting of the 
FMR spectrum into two branches and shifting to lower frequencies. On the other hand, for the low-energy configuration 
(B) the splitting into three branches is observed (Fig 4b). Two branches are shifted to the higher frequencies and one to 
lower frequencies. Since the high-energy configuration (A) has a higher symmetry than configuration (B) the lower branch 
of spectrum in Fig. 4a is doubly degenerate.  
The three elements group considered above can be combined into the structures with different symmetry, leading to 
additional changes in the spectrum of FMR. Here we consider three possible spatial configurations of association in 
symmetrical two-dimensional arrays (Fig. 5) and discuss the changes in the FMR spectra from parameter r* (distance 
between centers of particle groups). 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
Fig. 5. Three spatial configurations with quasi-homogeneous state for association of three particle group. 
The parameter r* is the distance between canters of particle groups. 
(I) 
(II) 
(III) 
r* 
0,00 0,02 0,04 0,06 0,08
0,995
1,000
1,005
1,010
1,015
 
 
0,00 0,02 0,04 0,06 0,08
0,980
0,985
0,990
0,995
1,000
 
 
V / r3 
v / v0 
V / r3 
v / v0 
(a) (b) 
 6 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
Fig. 6. The dependences of normalized FMR frequencies on the distance between centers 
of particle groups. 
In the configuration (I) arrays interact mainly only by the two outermost particles. This leads to an additional monotonic 
splitting of the high frequency modes in the FMR spectrum (see Fig. 6a and compare with Fig. 5b). A different situation is 
observed for the configurations (II) and (III). The interaction energy of the arrays in these configurations is less than in the 
configuration (I), and as a result lower frequency splitting is observed (see Fig. 6b and Fig. 6c). However these 
configurations implemented a nonmonotonic changing FMR spectrum that is the effect of competition between interaction 
of three elements inside group and intergroup interaction.  
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4. The two-layer systems 
The magnetostatic interaction energy strongly depends on the distance between the particles and can be estimated as 
2 2
int 3
M V
W
d
 . 
In this connection the stack arrangement of elliptical particles (one above the other, see Fig. 7a) leads to an essential 
increase in the interaction energy. In addition, it can be easy realized technologically. 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
Fig. 7. The schematic image of two-layer stack (a) and array of three two-layer particles 
with triangular symmetry (b). 
We investigated the peculiarities of the magnetostatic interaction in an array of two-layer particles with triangular 
symmetry (Fig. 7b). The dependences of magnetostatic interaction energies for different configurations of magnetic 
moments on the interlayer separation are presented in Fig. 8 (a). When the distance between the layers is large (parameter 
r / d is close to zero) the interaction between the layers is small and in this system three energy-degenerate states (I), (II) 
and (III) are implemented. The degrees of degeneracy are (I) – 2; (II) – 2; (III) – 4 respectively (see Fig. 8b). The close 
approach of layers removes the degeneracy and the energy spectrum is split into eight components due to the interlayer 
interaction. The energies of one group states are shifted to higher energies (u) and the energies of other states are shifted to 
lower energies (d). In the region of parameters r / d 0.6 ÷ 1 we observe the crossing of energy levels from completely 
different configurations (I, II and III) as the interaction of particles in the layer becomes comparable with the interaction of 
the particles located in different layers. 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
Fig. 8. (a) is the dependences of normalized magnetostatic energies for different configurations of 
magnetic moments on interlayer separation. (b), (c) and (d) are possible configurations of 
magnetic moments in the array of three two-layer particles. The moment configurations 
for the upper and lower layers are shown side by side in different colors. 
(b) 
d 
r 
d
2 
1 
(a) 
(I) (II) 
(III) 
(u) (d) (u) (d) 
(u1) (u2) (d1) (d2) 
(c) (b) 
(d) 
(I) 
(III) 
(II) 
r / d 
  
(a) 
(u) 
(d) 
 8 
0,0 0,1 0,2 0,3 0,4 0,5
0,80
0,85
0,90
0,95
1,00
 
 
(a) 
V / d 3 
v / v0 
0,0 0,1 0,2 0,3 0,4 0,5
1,0
1,1
1,2
1,3
 
 
V / d 3 
(b) 
v / v0 
4.1. The ferromagnetic resonance in two-layer stack 
We calculated FMR spectra for different configurations of a two-layer stack. The dependencies of the FMR frequency 
on the distance between the layers for the stack in a state with ferromagnetic and antiferromagnetic order are presented in 
Fig. 9. Qualitatively, these curves are similar to the spectra of two-dimensional array of three particles (see Fig. 4), but the 
degree of frequency splitting for the stack is much more than for two-dimensional array. 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
Fig. 9. The dependences of normalized FMR frequencies on the separation between layers in the 
two-layer stack for different spatial configurations of moments. (a) is the case of 
ferromagnetic ordering, (b) is for antiferromagnetic ordering. 
4.2. Magnetization reversal in two-layer particle array 
We have calculated the hysteresis curves and the transition schemes between different states for two-layer particle arrays 
for different values of the r / d ratio (Fig. 10(a-c)). We show specifically results for the =0.5 case, for which a single layer 
three island cluster displayed a continuous transition between type (A) moment configurations (see Fig. 3c). The effect of 
increasing the ratio of the interlayer to intralayer coupling can be seen in the sequence Fig. 3c (equivalent to r / d = 0), 
Fig. 10a (r / d = 0.45), Fig. 10b (r / d = 0.58) Fig. 10c (r / d = 0.83). At low interlayer interaction (r / d = 0.45) we have the 
situation similar to the one-layer system (Fig. 3c). In this case there is only one stable state with quasi-uniform orientation 
of magnetic moments in layers and ferromagnetic interlayer ordering. The intermediate case (Fig. 10b) has two stable states, 
which correspond to ferromagnetic and antiferromagnetic interlayer ordering. Increasing the interlayer coupling further 
(Fig. 10c) leads to a closing up of the hysteresis loop, and the formation of an antiferromagnetic ordered state with zero 
averaged magnetic moment in zero field. Thus the variation of distance between layers enables the effective controlling the 
magnetic states in two-layer system. 
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Fig. 10. The hysteresis curves and the schemes of transitions between different states of two-layer particle 
arrays for the case α = 0.5 and two interlayer spacings: (a) r / d =  0.45; (b) r / d =  0.58; (c) r / d 
=  0.83. The moment configurations for the upper and lower layers are shown side by side in 
different colors. 
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4.3. The ferromagnetic resonance in two-layer systems 
We have calculated the spectra for two stable states of two-layer particles array ordered on the lattice with triangular 
symmetry (Fig 11(a,b)). The calculations showed that the two-layer arrays have a more complicated splitting of the FMR 
spectrum in comparison with one-layer system. In particular the dependencies of normalized FMR frequencies of the array 
in the antiferromagnetic interlayer ordering have the local extremes at some distances between the layers (Fig. 11(b)). 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
Fig. 11. The dependences of normalized FMR frequencies on the separation between layers in the two-
layer three particle groups for different spatial configurations of moments. (a) is for ferromagnetic 
interlayer ordering. (b) is for antiferromagnetic interlayer ordering. 
5. The three-layer systems 
The energy of interaction in multilayer systems can be controlled also by variation of the magnetic moment magnitude 
for the particles located in different layers [21]. Fig. 12 shows a schematic drawing of a system of three particles arranged 
one above the other, and the state diagram of this system depending on the interlayer distance and the ratio of the magnetic 
moments of the particles. We assumed that the moments of the outer particles are the same. In such system there are three 
stable configurations with different magnetostatic energy. As can be seen from Fig. 12b, at the critical point with the 
parameters 12 13/d d = 0.5 and m2 / m1 = 0.2 there is a frustrated state, in which the energies of all magnetic moments 
configurations are equal. 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
Fig. 12. The three-layer stack (a) and the diagram of possible states in dependence of magnetic moments 
relation and separations between layers (b). 
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5.1. The ferromagnetic resonance in three-layer stack 
We calculated the FMR spectra for different configurations of a three-layer stack. Fig. 13 shows the dependences of the 
FMR frequency on the distance between the layers for the stack in a state with ferromagnetic, antiferromagnetic and mixed 
ferromagnetic - antiferromagnetic ordering. Qualitatively, these curves are similar to the spectra of the two-dimensional 
array of three particles (Fig. 4), but the degree of frequency splitting for the stack is much more than for two-dimensional 
array. 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
Fig. 13. The dependences of normalized FMR frequencies on the separation between layers in the three-layer 
stack for different spatial configurations of moments. (a) is the case of ferromagnetic ordering, (b) is 
for antiferromagnetic ordering, (c) is for mixed ferromagnetic - antiferromagnetic ordering and (d) is 
for the stack with the reduced magnetic moment of the middle layer (m1= m3, m2 / m1 = 0.5). 
Also we have considered the stack with different magnetic moments in the layers (Fig. 13d). The relation of magnetic 
moment of central layer m2 to moments of outer layers (m1 = m3) is equal 0.5. In this case we have initial splitting due to 
the difference of magnetic moments and the dependences of normalized FMR frequencies have a local extremum. Thus 
allowing differences between the magnetic moments of layers provides an additional way of controlling the FMR spectrum. 
5.2. Magnetization reversal in three-layer particle array 
The results of hysteresis calculations for three-layer stacks of three identical particle arrays on a triangular lattice are 
presented in Fig. 14. We again consider the =0.5 case and display the hysteresis plots for different interlayer spacing: (a) 
r / d = 0.45; (b) r / d = 0.58; (c) r / d = 0.83. When the interlayer coupling is not strong (r / d = 0.45), the system implements 
a simple magnetization reversal process through the state with antiferromagnetic ordering of the magnetic moments in 
neighboring layers (Fig. 14a). Increasing the interlayer interaction leads to additional configuration states encountered 
during the hysteresis cycle, as shown in Fig. 14b for r / d = 0.58. In this case the state (1) becomes unstable. The transition 
from state (1) to state (2) involves just a flip of the moment of one particle in the central layer (indicated in red in scheme). 
The other two particles in the central layer then experience a flip in the transition to state (3). The low average moment 
state (3) is essentially the same as state (2) in Fig. 14a. The small average moments in the two plots are slightly different 
because of slight differences in deviations from easy axis alignment. The transition from state (3) to state (4) involves 
moment reversals in all three layers, so we have the same state as (3) but with the opposite directed average magnetic 
moment. Fig. 14c shows the behavior as the interlayer coupling is increased still further to r / d = 0.83. The transition from 
state (1) to state (2) is similar to that in Fig. 14b, but in this case state (2) becomes unstable. Here we have only one 
antiferromagnetic ordered stable state (3) similar to the state (3) in Fig. 14b. Again the transition from state (3) to state (4) 
involves moment reversals in all three layers, so we have practically the same state with the opposite directed average 
magnetic moment.  
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As the number of layers is increased, the number of states traversed in a hysteresis cycle also increases, reflecting the 
more complex sequence of moment reorientation processes that is taking place. 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
Fig. 14. The hysteresis curves and the schemes of transitions between different states of three-layer particles 
array for  = 0.5 case: (a) r / d = 0.45; (b) r / d = 0.58; (c) r / d = 0.83. The configuration of the 
magnetic moments of the particles corresponds to the points on the hysteresis curve. The one-particle 
flip in transition schemes in the pictures (b) and (c) is indicated in red. 
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5.3. The ferromagnetic resonance in three-layer system 
The Fig. 15 shows the dependencies of the FMR frequencies on the distance between the layers for three-layer particle 
array in the state with ferromagnetic (Fig. 15a), antiferromagnetic interlayer order (Fig. 15b), in the state with partial 
ferromagnetic and antiferromagnetic ordering (Fig. 15c) and for the system with different magnetic moments in 
antiferromagnetic configuration (Fig. 15d). 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
Fig. 15. The dependences of normalized FMR frequencies on the separation between layers in array of the 
three-layer stacks for different spatial configurations of moments. (a) is for the ferromagnetic ordering. 
(b) is for antiferromagnetic ordering. (c) is for the state with partial ferromagnetic and antiferromagnetic 
ordering. (d) is for the stacks with the reduced magnetic moment of the middle layer (m1= m3, m2 / m1 = 
0.5) in the state with antiferromagnetic interlayer ordering. The middle layer with the reduced magnetic 
moment is highlighted in red. 
Analogous to the two-layer system the dependencies of FMR spectra on the distance between the layers for three-layer 
system are nonmonotonic as a consequence of competition between the interlayer and interlayer interactions. Note that the 
use of the stacks with different layer thickness or different layer materials substantially extends the possibilities in 
controlling of ferromagnetic resonance in such systems.  
6. Discussion  
Thus, the calculations showed that the magnetostatic interaction between the particles in the layer and the interlayer 
interaction strongly affect the magnetization reversal dynamics in an external magnetic field and lead to the complex 
splitting of FMR spectra.  
In the calculations, we used a simple model of anisotropic point dipoles. However, the real particles are distributed 
systems with a complex character of the magnetic interactions and this leads to inhomogeneous magnetization reversal 
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modes and complication of the FMR spectrum. Along with the uniform coherent precession modes in such systems, there 
exist nonhomogeneous modes [22-24] associated with the internal spin resonances and edge effects. However for the 
systems consisting of small magnetic nanoparticles the FMR spectrum of ground modes of uniform precession and the 
basic mechanisms of the splitting of resonance frequencies are described adequately by the simple model we have used. 
It was shown, that the systems consisting of one-layer elements with only in-plane interactions display the complicated 
but weak splitting of FMR spectra (Figs. 4,6). The arrangement of elliptical discs in multilayer stacks systems leads to the 
considerable increase of interparticle magnetostatic interaction and as a consequence to the appearance of unusual states 
during magnetization reversal and significant changes in the FMR spectra. It allows us to construct the different systems 
with fine tuning of ferromagnetic resonance. For example, we have demonstrated that in two-layer system (consisting of 
three two-layer stacks, located at 120°) there are two stable states (Fig. 10). The first state has a quasi-uniform moment’s 
distribution (with ferromagnetic interlayer ordering) and can be realized in a system with low interlayer interaction 
(Fig. 10a). The second state has zero average magnetic moment (with antiferromagnetic interlayer ordering) and can be 
realized in the system with high interlayer interaction (Fig. 10c). In the system with intermediate interlayer interaction there 
are both these states, which can be switched by magnetization reversal in an external magnetic field (Fig. 10b). The FMR 
spectra corresponding to these two states are presented in Fig. 11 and have the fundamental differences. The quasi-uniform 
state has the spectrum shifted to lower frequencies, while the state with zero average moment has the spectrum with four 
branches shifted to higher frequencies. Therefore such two-layer particles arrays with simply recognized magnetic states 
can be used in the magnetic labeling systems. 
We have shown that adding a third layer in the stack leads to an extra frustration of magnetic states and complicated 
splitting in FMR spectra. Depending on the interlayer coupling in such systems the states with ferromagnetic, 
antiferromagnetic and mixed ferromagnetic - antiferromagnetic interlayer ordering are realized (Fig. 14). This significantly 
expands the possibilities to control of the FMR spectrum in such systems (Fig. 15(a-c)). Moreover the FMR spectrum 
splitting in three-layer systems is considerably larger than in the case of two-layer systems.  
The great perspectives for the engineering of magnetic states and FMR spectra are associated with the possibility of 
varying the ratio of magnetic moments for the particles belonged to different layers and interlayer spacings. In particular, 
we have considered the three-layer system with a reduced magnetic moment of the particles in the middle layer. Such 
systems can achieve an increase the splitting of the spectra due to the initial frequency splitting for the differed particles 
forming the array (Fig. 15d). 
 
7. Conclusion 
 
Thus we have demonstrated that multilayer ferromagnetic nanoparticles significantly expand the opportunities to create 
the magnetically frustrated systems. The different spatial arrangement, variation of magnetic moments and interlayer 
spacings enable the fine tuning of possible stable magnetic states and effective control of FMR spectrum in such systems 
that is very important from the standpoint of practical applications.  
Acknowledgements 
Authors thanks K.D. Bessmertniy for assistance and A.A. Fraerman for the useful discussions. 
This work was supported by grants of Russian Foundation for Basic Research, the programs of Russian Academy of 
Sciences and The Ministry of Education and Science of Russian Federation. 
References  
1. R.F. Wang, C. Nisoli, R.S. Freitas, J. Li, W. McConville, B.J. Cooley, M.S. Lund, N. Samarth, C. Leighton, V.H. 
Crespi, P. Schiffer - Artificial “spin ice” in a geometrically frustrated lattice of nanoscale ferromagnetic islands, Nature, 
439, 303-306 (2006). 
2. C. Nisoli, R. Wang, J. Li, W.F. McConville, P.E. Lammert, P. Schiffer, V.H. Crespi - Ground state lost but degeneracy 
found: The effective thermodynamics of artificial spin ice, Phys. Rev. Lett., 98, 217203 (2007). 
3. A. Remhof, A. Schumann, A. Westphalen, H. Zabel, N. Mikuszeit, E.Y. Vedmedenko, T. Last, U. Kunze - 
Magnetostatic interactions on a square lattice // Phys. Rev. B, 77, 134409 1-6 (2008). 
4. A. Westphalen, A. Schumann, A. Remhof, H. Zabel, M. Karolak, B. Baxevanis, E. Y. Vedmedenko, T. Last, U. Kunze, 
T. Eimuller - Magnetization reversal of microstructured kagome lattices, Phys. Rev. B, 77, 174407 1-13 (2008). 
5. E. Mengotti, L.J. Heyderman, A. Fraile Rodriguez, A. Bisig, L. Le Guyader, F. Nolting, H.B. Braun - Building blocks 
of an artificial kagome spin ice: Photoemission electron microscopy of arrays of ferromagnetic islands, Phys. Rev. B, 78, 
144402 1-7 (2008). 
6. J. Li, X. Ke, S. Zhang, D. Garand, C. Nisoli, P. Lammert, V.H. Crespi, P. Schiffer - Comparing artificial frustrated 
magnets by tuning the symmetry of nanoscale permalloy arrays // Phys. Rev. B, 81, 092406 1-4 (2010). 
7. P.E. Lammert, X. Ke, J. Li, K. Nissoli, D.M. Garand, V.H. Crespi, P. Schiffer - Direct entropy determination and 
application to artificial spin ice, Nature Physics, 6, 786 – 789 (2010). 
 15 
8. C. Nisoli, J. Li, X. Ke, D. Garand, P. Schiffer, V.H. Crespi - Effective Temperature in an Interacting Vertex System: 
Theory and Experiment on Artificial Spin Ice, Phys. Rev. Lett., 105, 047205 1-4 (2010). 
9. A. Schumann, B. Sothmann, P. Szary, H. Zabel - Charge ordering of magnetic dipoles in artificial honeycomb patterns, 
Appl. Phys. Lett., 97, 022509 1-3 (2010). 
10. S. Ladak, D.E. Read, G.K. Perkins, L.F. Cohen, W.R. Branford - Direct observation of magnetic monopole defects in an 
artificial spin-ice system // Nature Physics, 6, 359- 363 (2010).  
11. E. Mengotti, L.J. Heyderman, A.F. Rodríguez, F. Nolting, R.V. Hügli, H.-B. Braun - Real-space observation of 
emergent magnetic monopoles and associated Dirac strings in artificial kagome spin ice // Nature Physics, 7, 68-74 
(2010). 
12. A.Butera - Ferromagnetic resonance in arrays of highly anisotropic nanoparticles, Eur. Phys. J. B, 52, 297–303 (2006). 
13. C. Forestiere, G. Miano, C. Serpico, M. d’Aquino, L. Dal Negro - Dipolar mode localization and spectral gaps in quasi-
periodic arrays of ferromagnetic nanoparticles, Physical Review B, 79, 214419 (2009). 
14. S. Jain, M. Kostylev, A. O. Adeyeye - Coupled oscillations in noncollinear microscale rectangular magnets, Physical 
Review B, 82, 214422 (2010). 
15. N. Kuhlmann, A. Vogel, G. Meier - Magnetization dynamics and cone angle precession in permalloy rectangles, 
Physical Review B, 85, 014410 (2012). 
16. H. Zhang, A. Hoffmann, R. Divan, P. Wang - Direct-current effects on magnetization reversal properties of 
submicronsize Permalloy patterns for radio-frequency devices, Appl. Phys. Lett., 95, 232503 (2009). 
17. J. De La Torre Medina, L. Piraux, A. Encinas - Tunable zero field ferromagnetic resonance in array of bistable 
magnetic nanowires, Appl. Phys. Lett., 96, 042504 (2010). 
18. J. S. Zhang, R. L. Zhang, Q. Hu, R.H. Fan, R. W. Peng - Tunable microwave multiband filters based on a waveguide 
with antiferromagnetic and dielectric sandwiches, J. Appl. Phys. 109, 07A305 (2011). 
19. E. Mengotti, L.J. Heyderman, A. Bisig, A. Fraile Rodriguez, L. Le Guyader, F. Nolting, H.B. Braun – Dipolar energy 
states in clusters of perpendicular magnetic nanoislands, J. Appl. Phys., 105, 113113 1-4 (2009). 
20. G. Möller and R. Moessner – Artificial square ice and related dipolar nanoarrays, Phys. Rev. Lett., 96, 237202 (2006). 
21. A.A.Fraerman, B.A.Gribkov, S.A.Gusev, A.Yu.Klimov, V.L.Mironov, D.S.Nikitushkin, V.V.Rogov, S.N.Vdovichev, 
B.Hjorvarsson, H.Zabel – Magnetic force microscopy of helical states in multilayer nanomagnets, J. Appl. Phys., 103, 
073916 1-4, (2008). 
22. R. Adam, Yu. Khivintsev, R. Hertel, C. Schneider, A. Hutchison, R. Camley, Z. Celinski – Dynamic properties of array 
of ferromagnetic rectangular bars, J. Appl. Phys., 101, 09F516 (2007). 
23. S. Jain, M. Kostylev, A.O. Adeyeye - Coupled oscillations in noncollinear microscale rectangular magnets, Phys. Rev. 
B, 82, 214422 (2010). 
24. V.V. Kruglyak, P.S. Keatley, A. Neudert, R.J. Hicken, J.R. Childress, J.A. Katine - Imaging collective magnonic modes 
in 2D arrays of magnetic nanoelements, Phys. Rev. Lett., 104, 027201 (2010). 
